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Arrays of atoms trapped in optical tweezers combine features of programmable analog quantum
simulators with atomic quantum sensors. Here we propose variational quantum algorithms, tailored
for tweezer arrays as programmable quantum sensors, capable of generating entangled states on-
demand for precision metrology. The scheme is designed to generate metrological enhancement by
optimizing it in a feedback loop on the quantum device itself, thus preparing the best entangled
states given the available quantum resources. We apply our ideas to generate spin-squeezed states
on Sr atom tweezer arrays, where finite-range interactions are generated through Rydberg dressing.
The complexity of experimental variational optimization of our quantum circuits is expected to scale
favorably with system size. We numerically show our approach to be robust to noise, and surpassing
known protocols.
Optical tweezer arrays of neutral atoms provide a
bottom-up approach to assemble and design quantum
many-body systems ‘atom by atom’. The flexibility and
universality of tweezers, as a novel tool to engineer atomic
and molecular quantum devices, is demonstrated by re-
cent experiments, which range from realization of ‘pro-
grammable’ analog quantum simulators for spin-models
in tweezer arrays [1–3], to first demonstrations of poten-
tial tweezer-based clocks [4–9]. Atomic many-body sys-
tems designed around tweezer platforms thus offer the
unique possibility of combining, on the same physical de-
vice, programablility to generate many-particle entangled
states, and adopting these states as a quantum resource
in precision measurement, exhibiting quantum advantage
provided by entanglement. With near future experiments
promising a scaling to hundreds of atoms, the challenge is
to design and run quantum algorithms, which efficiently
generate entangled states of interest for precision mea-
surements, given the – in general non-universal – en-
tangling resources available on ‘programmable’ quantum
sensors, and Rydberg tweezer arrays in particular.
Here we propose hybrid classical-quantum algorithms
[12–21] to be run as a quantum feedback loop to generate
the best entangled states for the given platform, yield-
ing precision enhancement beyond the standard quan-
tum limit (SQL) [22, 23]. The variational many-body
wavefunction is optimized on the quantum device it-
self, in terms of a relevant cost function quantifying the
metrological enhancement. Performing the optimization
on the physical platform will yield the best entangled
state achievable in the presence of the actual imperfec-
tions and noise, thus outperforming optimization loops
purely based on numerical simulations [24]. Moreover,
since near-term quantum devices are expected to soon
operate in regimes beyond the reach of numerical sim-
a
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<lat exit s ha1_ba se64=" yAGCx5j l7FuFa Sv+7tz ofNbQj h8=">AA ACFnic bVBNS8 NAEN34 WetX1aO XxSLow ZJUQY8 FLx4rW hWaEDb bqV3cZM PuRCwh v8KLf8 WLB0W8 ijf/jZu 2B78eL Pt4b4a ZeVEqh UHX/XSm pmdm5+ YrC9XF peWV1d ra+oVRm ebQ4Uo qfRUxA 1Ik0EG BEq5SDS yOJFxG N8elf3 kL2giV nOMwhSB m14noC 87QSmF tz48ZD jiT+Vm x40dK9s wwtl/u 4wCQFa ElcIe5 SrEodsN a3W24I 9C/xJu QOpmgH dY+/J7i WQwJcs mM6Xpu ikHONA ouoaj6m YGU8Rt 2DV1LE xaDCfL RWQXdtk qP9pW2 L0E6Ur 935Cw2 5ba2sjz C/PZK8 T+vm2H /KMhFk mYICR8 P6meSoq JlRrQn NHCUQ0 sY18Lu SvmAacb RJlm1I Xi/T/5 LLpoNb 7/RPD2o t+gkjg rZJFtk h3jkkL TICWmTD uHknjy SZ/LiP DhPzqv zNi6dci Y9G+QH nPcvuv 2g4Q== </latex it>
⇠2(✓i)
<latexit sha1 _base64="PUvQEWR00n/3SKHl 9jElhRzOAkI=">AAACBXicbVD LSsNAFJ34rPUVdamLwSLUTUmq oMuCG5cV7AOaGCaTaTt08mDmR iyhGzf+ihsXirj1H9z5N07aLL T1wDCHc+7l3nv8RHAFlvVtLC2 vrK6tlzbKm1vbO7vm3n5bxamk rEVjEcuuTxQTPGIt4CBYN5GMh L5gHX90lfudeyYVj6NbGCfMDc kg4n1OCWjJM4+cB35Xrzp+LAI 1DvWXOTBkQCYeP/XMilWzpsCL xC5IBRVoeuaXE8Q0DVkEVBCle raVgJsRCZwKNik7qWIJoSMyY D1NIxIy5WbTKyb4RCsB7sdSvw jwVP3dkZFQ5SvqypDAUM17ufi f10uhf+lmPEpSYBGdDeqnAkOM 80hwwCWjIMaaECq53hXTIZGEg g6urEOw509eJO16zT6r1W/OKw 1cxFFCh+gYVZGNLlADXaMmaiG KHtEzekVvxpPxYrwbH7PSJaPo OUB/YHz+AJmrmIg=</latexit >
✓i
<latexi t sha1_base6 4="43WepkVbHD 3kMO12yrG4GN F5nRo=">AAAB/ nicbVDLSsNAF J3UV62vqLhyM1 gEVyWpgi4Lbl xWsA9oQphMpu3 QySTM3AglFPw VNy4Ucet3uPNv nLRZaOuBYQ7n 3MucOWEquAbH+ bYqa+sbm1vV7 drO7t7+gX141 NVJpijr0EQkqh 8SzQSXrAMcBO unipE4FKwXTm4 Lv/fIlOaJfIB pyvyYjCQfckrA SIF94oWJiPQ0 NlfuwZgBmQU8s OtOw5kDrxK3J HVUoh3YX16U0C xmEqggWg9cJw U/Jwo4FWxW8zL NUkInZMQGhko SM+3n8/gzfG6U CA8TZY4EPFd/ b+Qk1kVCMxkTG OtlrxD/8wYZD G/8nMs0Aybp4q FhJjAkuOgCR1 wxCmJqCKGKm6y YjokiFExjNVO Cu/zlVdJtNtzL RvP+qt7CZR1V dIrO0AVy0TVqo TvURh1EUY6e0 St6s56sF+vd+ liMVqxy5xj9gf X5AyX4liQ=</ latexit>
✓opt
<latexi t sha1_base6 4="NvIHPTQeI0 TgSasl9HOiaM vWCTo=">AAACC XicbVA9SwNBE N3zM8avqKXNYh Cswl0UtAzYWE YwH5CEY28zSZb s3R67c2I4rrX xr9hYKGLrP7Dz 37hJrtDEB8s+ 3pthZl4QS2HQd b+dldW19Y3Nw lZxe2d3b790c Ng0KtEcGlxJpd sBMyBFBA0UKK Eda2BhIKEVjK+ nfusetBEqusN JDL2QDSMxEJyh lfwS7QZK9s0k tF/axREgy3xL4 AFTFWOW+aWyW 3FnoMvEy0mZ5K j7pa9uX/EkhA i5ZMZ0PDfGXso 0Ci4hK3YTAzH jYzaEjqURC8H0 0tklGT21Sp8O lLYvQjpTf3ekL DTTZW1lyHBkF r2p+J/XSXBw1U tFFCcIEZ8PGi SSoqLTWGhfaOA oJ5YwroXdlfI R04yjDa9oQ/AW T14mzWrFO69U by/KNZrHUSDH5 IScEY9ckhq5I XXSIJw8kmfyS t6cJ+fFeXc+5q UrTt5zRP7A+f wBxRubjQ==</l atexit>
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a
<latexit sha1_base64="tLOELTBhhvyTmftlT9SX Rpb5Wv4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMeCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDE qz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhK FNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqg xnAqelXqoxoWxMh9i1VNIItZ/ND52Sc6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasIbP+MySQ1K tlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9y2qteVWpn+VxFOEETuECPLiGOtxBA1r AAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHu6WMyw==</latexit>
RC
<latexit sha1_base64="p7VZjlAcRUVS f77UWae61S2+M9o=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LFbBU0mqoMdCLx6r2A9oQ9 lsN+3S3U3YnQil+Be8eFDEq3/Im//GpM1BWx8MPN6bYWZeEEth0XW/ncLa+sbmVnG7tL O7t39QPjxq2ygxjLdYJCPTDajlUmjeQoGSd2PDqQok7wSTRuZ3HrmxItIPOI25r+hIi1 Awipl0P2iUBuWKW3XnIKvEy0kFcjQH5a/+MGKJ4hqZpNb2PDdGf0YNCib5U6mfWB5TNq Ej3kuppopbfza/9Ymcp8qQhJFJSyOZq78nZlRZO1VB2qkoju2yl4n/eb0Ewxt/JnScI NdssShMJMGIZI+ToTCcoZymhDIj0lsJG1NDGabxZCF4yy+vknat6l1Wa3dXlfpZHkcRT uAULsCDa6jDLTShBQzG8Ayv8OYo58V5dz4WrQUnnzmGP3A+fwAaYI2G</latexit>
Programmable Quantum Sensor
Ramsey Interferometry 
⇡/2
<latexit sha1_base64="DosCI1pg+IpcEc2Mr44iiUzzghc=">AAAB7HicbVBNS8NAEJ3U r1q/qh69LFbBU02qoMeCF48VTFtoQ9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4 Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FZa1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm82On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFol r2Z+J/XyTC6DSZCpRlyxRaLokwSTMjsc9IXmjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVVrD9eV+lkeRxFO4BQuwIMbqMM9NMAHBgKe4RXeHOW8OO/Ox6K14OQzx/AHzucPJ4OOKA= =</latexit>
⇡/2
<latexit sha1_base64="DosCI1pg+IpcEc 2Mr44iiUzzghc=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LFbBU02qoMeCF48VTFtoQ9lsN+3 SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHj UNEmmGfdZIhPdDqnhUijuo0DJ26nmNA4lb4Wju5nfeuLaiEQ94jjlQUwHSkSCUbSS303FZa 1XrrhVdw6ySrycVCBHo1f+6vYTlsVcIZPUmI7nphhMqEbBJJ+WupnhKWUjOuAdSxWNuQkm8 2On5NwqfRIl2pZCMld/T0xobMw4Dm1nTHFolr2Z+J/XyTC6DSZCpRlyxRaLokwSTMjsc9IX mjOUY0so08LeStiQasrQ5lOyIXjLL6+SZq3qXVVrD9eV+lkeRxFO4BQuwIMbqMM9NMAHBgKe 4RXeHOW8OO/Ox6K14OQzx/AHzucPJ4OOKA==</latexit>
 
<latexit sha1_base64="m0UAJa6nqoxychxcDEvW2fVPN+w=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswl0UtLAIaGEZwX xAcoS9zV6yZu/22J0TwpH/YGOhiK3/x85/4ya5QhMfDDzem2FmXpBIYdB1v52V1bX1jc3CVnF7Z3dvv3Rw2DQq1Yw3mJJKtwNquBQxb6BAyduJ5jQKJG8Fo5up33ri2ggVP+A44X5EB7EIBaNopWb3lkukvVLZrbgzkGXi5aQMOeq90le3r1ga8RiZpMZ0PDdB P6MaBZN8UuymhieUjeiAdyyNacSNn82unZBTq/RJqLStGMlM/T2R0ciYcRTYzoji0Cx6U/E/r5NieOVnIk5S5DGbLwpTSVCR6eukLzRnKMeWUKaFvZWwIdWUoQ2oaEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDO6hDAxg8wjO8wpujnBfn3fmYt644+c wR/IHz+QNgDI76</latexit>
|ri
<latexit sha1_base64="+bVw/ccLQJw gzW5Geb4DD0FvZEg=">AAACAnicbVDLSgNBEOz1GeMr6tHLYBQ8hd0o6DHgxWME84B kCbOT2WTY2QczvUJY9uYPeNU/8CZe/RF/wO9wkuzBJBY0FFXddHd5iRQabfvbWlvf 2NzaLu2Ud/f2Dw4rR8dtHaeK8RaLZay6HtVcioi3UKDk3URxGnqSd7zgbup3nrjSI o4ecZJwN6SjSPiCUTRSpx9wzFQ+qFTtmj0DWSVOQapQoDmo/PSHMUtDHiGTVOueYy foZlShYJLn5X6qeUJZQEe8Z2hEQ67dbHZuTi6MMiR+rExFSGbq34mMhlpPQs90hhTH etmbiv95vRT9WzcTUZIij9h8kZ9KgjGZ/k6GQnGGcmIIZUqYWwkbU0UZmoQWtniKm mTysgnGWY5hlbTrNeeqVn+4rjbOi4hKcApncAkO3EAD7qEJLWAQwAu8wpv1bL1bH9 bnvHXNKmZOYAHW1y/0zpgY</latexit>
⌦C
<latexit sha1_base64="dR1K+pdcAcG L+VbDfIC3NKyE5dc=">AAAB73icdVBNSwMxEM36WetX1aOXYBU8ld22YI+FXrxZwX5 Au5RsOtuGJtk1yQpl6Z/w4kERr/4db/4b03aFKvpg4PHeDDPzgpgzbVz301lb39jc 2s7t5Hf39g8OC0fHbR0likKLRjxS3YBo4ExCyzDDoRsrICLg0AkmjbnfeQClWSTvz DQGX5CRZCGjxFip278RMCKDxqBQ9EruAtgtVWuuV6lakinfVhFlaA4KH/1hRBMB0l BOtO55bmz8lCjDKIdZvp9oiAmdkBH0LJVEgPbTxb0zfGGVIQ4jZUsavFBXJ1IitJ6K wHYKYsb6tzcX//J6iQlrfspknBiQdLkoTDg2EZ4/j4dMATV8agmhitlbMR0TRaixE eVXQ/iftMslr1Iq31aL9fMsjhw6RWfoEnnoCtXRNWqiFqKIo0f0jF6ce+fJeXXelq 1rTjZzgn7Aef8CulCPrA==</latexit>
⌦R
<latexit sha1_base64="ELS+XddrEIc uZAZUTGak7gAsk9A=">AAAB73icdVBNSwMxEJ31s9avqkcvwSp4KrttwR4LXrxZxX5 Au5Rsmm1Dk+yaZIWy9E948aCIV/+ON/+NabsFFX0w8Hhvhpl5QcyZNq776aysrq1v bOa28ts7u3v7hYPDlo4SRWiTRDxSnQBrypmkTcMMp51YUSwCTtvB+HLmtx+o0iySd 2YSU1/goWQhI9hYqdO7FnSI+7f9QtEtuXMgt1RekkqtWvGqyMusImRo9AsfvUFEEk GlIRxr3fXc2PgpVoYRTqf5XqJpjMkYD2nXUokF1X46v3eKzqwyQGGkbEmD5ur3iRQL rScisJ0Cm5H+7c3Ev7xuYsKanzIZJ4ZKslgUJhyZCM2eRwOmKDF8YgkmitlbERlhh YmxEeVtCMtP0f+kVS55lVL5plqsn2Zx5OAYTuAcPLiAOlxBA5pAgMMjPMOLc+88Oa /O26J1xclmjuAHnPcv1gCPvw==</latexit>
|#zi
<latexit sha1_base64="z5t rDOJvKTmUPM9gbySPI8f9rGY=">AAACD3icbVDLSsNAFJ34rPU V69LNYBFclaQKuiy4cVnBPqAtYTKdtEMnkzBzY60hH+EPuNU/c Cdu/QR/wO9w2mZhWw9cOJxzD/dy/FhwDY7zba2tb2xubRd2irt 7+weH9lGpqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsf3Uz91 gNTmkfyHiYx64VkIHnAKQEjeXapO2KQdvvRWBKlorH3lHl22ak 4M+BV4uakjHLUPfvH5GkSMglUEK07rhNDLyUKOBUsK3YTzWJCR 2TAOoZKEjLdS2e/Z/jMKH0cRMqMBDxT/yZSEmo9CX2zGRIY6mV vKv7ndRIIrnspl3ECTNL5oSARGCI8LQL3uWIUxMQQQhU3v2I6J IpQMHUtXPEVMSVlRVOMu1zDKmlWK+5FpXp3Wa7hvKICOkGn6By 56ArV0C2qowai6BG9oFf0Zj1b79aH9TlfXbPyzDFagPX1C6YGn Vk=</latexit>
|"zi
<latexit sha1_base64="pCr /WHpLpYo5ms83IeCUVZzIAe4=">AAACDXicbZDLSsNAFIYnXmu 9RV26GSyCq5JUQZcFNy4r2As0JZxMJ+3QySTMTCo15Bl8Abf6B u7Erc/gC/gcTtssbOsPB37+cw7n8AUJZ0o7zre1tr6xubVd2in v7u0fHNpHxy0Vp5LQJol5LDsBKMqZoE3NNKedRFKIAk7bweh22 m+PqVQsFg96ktBeBAPBQkZAm8i3bW9EdealCUgZP/pPuW9XnKo zE141bmEqqFDDt3+8fkzSiApNOCjVdZ1E9zKQmhFO87KXKpoAG cGAdo0VEFHVy2af5/jcJH0cxtKU0HiW/t3IIFJqEgVmMgI9VMu 9afhfr5vq8KaXMZGkmgoyPxSmHOsYTzHgPpOUaD4xBohk5ldMh iCBaANr4UogwSDKywaMu4xh1bRqVfeyWru/qtRxgaiETtEZukA uukZ1dIcaqIkIGqMX9IrerGfr3fqwPueja1axc4IWZH39Av2in HI=</latexit>
| (✓i)i
<latexit sha1_base64="sWCKc4NHeapsl0ghLKGko8LwVdk= ">AAACDHicbVDLSgNBEJz1GeMr6tHLYBDiJexGQY8BLx4jmAdkQ5iddJIhs7PLTK8Q1nyAF3/FiwdFvPoB3vwbJ8keNLFhmKKqmu 6uIJbCoOt+Oyura+sbm7mt/PbO7t5+4eCwYaJEc6jzSEa6FTADUiioo0AJrVgDCwMJzWB0PdWb96CNiNQdjmPohGygRF9whpbqFo oPfs2Ikh9EsmfGof1SH4eAbNIVZ75maiDButyyOyu6DLwMFElWtW7hy+9FPAlBIZfMmLbnxthJmUbBJUzyfmIgZnzEBtC2ULEQTC edHTOhp5bp0X6k7VNIZ+zvjpSFZrqpdYYMh2ZRm5L/ae0E+1edVKg4QVB8PqifSIoRnSZDe0IDRzm2gHEt7K6UD5lmHG1+eRuCt3 jyMmhUyt55uXJ7UazSLI4cOSYnpEQ8ckmq5IbUSJ1w8kieySt5c56cF+fd+ZhbV5ys54j8KefzB5gOm9o=</latexit>
|#zi
<latexit sha1_base64="z5t rDOJvKTmUPM9gbySPI8f9rGY=">AAACD3icbVDLSsNAFJ34rPU V69LNYBFclaQKuiy4cVnBPqAtYTKdtEMnkzBzY60hH+EPuNU/c Cdu/QR/wO9w2mZhWw9cOJxzD/dy/FhwDY7zba2tb2xubRd2irt 7+weH9lGpqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsf3Uz91 gNTmkfyHiYx64VkIHnAKQEjeXapO2KQdvvRWBKlorH3lHl22ak 4M+BV4uakjHLUPfvH5GkSMglUEK07rhNDLyUKOBUsK3YTzWJCR 2TAOoZKEjLdS2e/Z/jMKH0cRMqMBDxT/yZSEmo9CX2zGRIY6mV vKv7ndRIIrnspl3ECTNL5oSARGCI8LQL3uWIUxMQQQhU3v2I6J IpQMHUtXPEVMSVlRVOMu1zDKmlWK+5FpXp3Wa7hvKICOkGn6By 56ArV0C2qowai6BG9oFf0Zj1b79aH9TlfXbPyzDFagPX1C6YGn Vk=</latexit>
|#zi
<latexit sha1_base64="z5t rDOJvKTmUPM9gbySPI8f9rGY=">AAACD3icbVDLSsNAFJ34rPU V69LNYBFclaQKuiy4cVnBPqAtYTKdtEMnkzBzY60hH+EPuNU/c Cdu/QR/wO9w2mZhWw9cOJxzD/dy/FhwDY7zba2tb2xubRd2irt 7+weH9lGpqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsf3Uz91 gNTmkfyHiYx64VkIHnAKQEjeXapO2KQdvvRWBKlorH3lHl22ak 4M+BV4uakjHLUPfvH5GkSMglUEK07rhNDLyUKOBUsK3YTzWJCR 2TAOoZKEjLdS2e/Z/jMKH0cRMqMBDxT/yZSEmo9CX2zGRIY6mV vKv7ndRIIrnspl3ECTNL5oSARGCI8LQL3uWIUxMQQQhU3v2I6J IpQMHUtXPEVMSVlRVOMu1zDKmlWK+5FpXp3Wa7hvKICOkGn6By 56ArV0C2qowai6BG9oFf0Zj1b79aH9TlfXbPyzDFagPX1C6YGn Vk=</latexit>
|#zi
<latexit sha1_base64="z5t rDOJvKTmUPM9gbySPI8f9rGY=">AAACD3icbVDLSsNAFJ34rPU V69LNYBFclaQKuiy4cVnBPqAtYTKdtEMnkzBzY60hH+EPuNU/c Cdu/QR/wO9w2mZhWw9cOJxzD/dy/FhwDY7zba2tb2xubRd2irt 7+weH9lGpqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsf3Uz91 gNTmkfyHiYx64VkIHnAKQEjeXapO2KQdvvRWBKlorH3lHl22ak 4M+BV4uakjHLUPfvH5GkSMglUEK07rhNDLyUKOBUsK3YTzWJCR 2TAOoZKEjLdS2e/Z/jMKH0cRMqMBDxT/yZSEmo9CX2zGRIY6mV vKv7ndRIIrnspl3ECTNL5oSARGCI8LQL3uWIUxMQQQhU3v2I6J IpQMHUtXPEVMSVlRVOMu1zDKmlWK+5FpXp3Wa7hvKICOkGn6By 56ArV0C2qowai6BG9oFf0Zj1b79aH9TlfXbPyzDFagPX1C6YGn Vk=</latexit>
S(✓i)
<latexit sha1_base64="u0u tJF+4vdCj7z2wQqajIKBMGqk=">AAACDXicbVDLSsNAFJ3UV62 vqks3g1Wom5JUQZcFNy4r2gc0IUwmk3bo5MHMjVBCfsCNv+LGh SJu3bvzb5y0XWjrhWEO59zLPfd4ieAKTPPbKK2srq1vlDcrW9s 7u3vV/YOuilNJWYfGIpZ9jygmeMQ6wEGwfiIZCT3Bet74utB7D 0wqHkf3MEmYE5JhxANOCWjKrZ7YIYERJSK7y+u2FwtfTUL9ZTa MGJDczXh+5lZrZsOcFl4G1hzU0LzabvXL9mOahiwCKohSA8tMw MmIBE4Fyyt2qlhC6JgM2UDDiIRMOdn0mhyfasbHQSz1iwBP2d8 TGQlVYVJ3Ft7VolaQ/2mDFIIrJ+NRkgKL6GxRkAoMMS6iwT6Xj IKYaECo5NorpiMiCQUdYEWHYC2evAy6zYZ13mjeXtRaeB5HGR2 hY1RHFrpELXSD2qiDKHpEz+gVvRlPxovxbnzMWkvGfOYQ/Snj8 wfBWpyE</latexit>
|#zi
<latexit sha1_base64="z5t rDOJvKTmUPM9gbySPI8f9rGY=">AAACD3icbVDLSsNAFJ34rPU V69LNYBFclaQKuiy4cVnBPqAtYTKdtEMnkzBzY60hH+EPuNU/c Cdu/QR/wO9w2mZhWw9cOJxzD/dy/FhwDY7zba2tb2xubRd2irt 7+weH9lGpqaNEUdagkYhU2yeaCS5ZAzgI1o4VI6EvWMsf3Uz91 gNTmkfyHiYx64VkIHnAKQEjeXapO2KQdvvRWBKlorH3lHl22ak 4M+BV4uakjHLUPfvH5GkSMglUEK07rhNDLyUKOBUsK3YTzWJCR 2TAOoZKEjLdS2e/Z/jMKH0cRMqMBDxT/yZSEmo9CX2zGRIY6mV vKv7ndRIIrnspl3ECTNL5oSARGCI8LQL3uWIUxMQQQhU3v2I6J IpQMHUtXPEVMSVlRVOMu1zDKmlWK+5FpXp3Wa7hvKICOkGn6By 56ArV0C2qowai6BG9oFf0Zj1b79aH9TlfXbPyzDFagPX1C6YGn Vk=</latexit>
|#zi
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Figure 1. Hybrid classical-quantum optimization on a pro-
grammable quantum sensor prepares spin-squeezed states for
Ramsey interferometry. Variational control parameters θ gen-
erate trial states |Ψ(θ)〉 = S(θ)Ry(pi/2) |↓z〉⊗N . The squeez-
ing parameter ξ(θ) serves as cost function for classical opti-
mization. Bottom: Optimization run on a 4 × 4 array with
RC/a = 1.5, using ≈ 105 simulated experimental runs, show-
ing measured spin-squeezing of the trial states (blue dots, one
iteration = 100 measurements). A and B indicate theoreti-
cally obtainable squeezing with finite- and infinite-range one
axis twisting [10, 11]. Red line and orange error band rep-
resent the predicted squeezing minima at iteration i of the
search algorithm.
ulations, the optimization loop can ultimately only be
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2run directly on the programmable quantum sensor. Af-
ter optimization, the resulting optimal wavefunction can
be re-prepared on demand on the quantum sensor [25],
directly available for high precision measurement (see
Fig. 1). In this work we specifically target the opti-
mized preparation of spin-squeezed states [10, 23, 26],
a class of entangled states enhancing measurement pre-
cision of atomic Ramsey interferometers, including pro-
grammable tweezer clocks [8, 9]. Ramsey interferometry
– The Ramsey sequence, acting on a two-level atom, de-
scribed by spin-1/2 states {|↓z〉 , |↑z〉}, and correspond-
ing spin operators s ≡ ~(σx, σy, σz)/2, starts with an
initial pi/2-pulse that creates a coherent superposition
(|↓z〉+ |↑z〉)/
√
2 = |↑x〉. In the subsequent interrogation
time, |↓z〉 and |↑z〉 acquire a relative phase ϕ, encoding
the quantity to be measured. The final pi/2-pulse trans-
fers this phase difference into a measurable state pop-
ulation difference. In this context, spin-squeezed states
are a well-known family of entangled states enhancing
the phase sensitivity over N uncorrelated atoms [26].
Here, we prepare spin-squeezed states via an entangling
squeezing operation S(θ) realizable on the programmable
quantum sensor (see Fig. 1 a). The variational quan-
tum algorithm optimizes the classical control variables θ,
parametrizing S(θ), to achieve optimal spin-squeezing.
Spin squeezing – The achievable phase sensitivity
∆ϕ = ξ/
√
N , is quantified by the spin squeezing pa-
rameter [26]
ξ2(θ) = N
(∆J⊥,min)
2
θ
|〈J〉|2θ
, (1)
to be minimized on the quantum sensor. Here J =∑N
i=1 si denotes the collective spin vector associated with
an ensemble of N two-level atoms and (∆J⊥,min)
2
θ ≡〈J2⊥,min〉θ − 〈J⊥,min〉2θ quantifies the minimal spin fluc-
tuation orthogonal to the Bloch vector 〈J〉θ. The expec-
tation values in (1) are to be estimated, with respect to
the variational wavefunction |Ψ(θ)〉 = S(θ) |↑x〉⊗N . In
atom-tweezer arrays, 〈J2⊥,min〉θ is assembled from two-
body correlation functions, directly measurable due to
single site resolution.
Mechanisms known to generate spin squeezing are one-
axis twisting S1(τ) = exp[−iτJ2z ] (OAT), implemented
in experiments [27–42], and two-axis twisting (TAT)
S2(τ) = exp[−iτ(J2z −J2y )] [10]. Various theoretical stud-
ies [43–47] employ time-dependent dynamics to generate
effective TAT, and more generally spin-squeezing up to
the Heisenberg limit ξ2 ' 1/N . We note that these ap-
proaches rely on infinite-range interactions, conserving
symmetries that constrain the dynamics to the parti-
cle permutation symmetric subspace, of linear dimension
(N+1), where the maximally spin-squeezed states are
known to be located [48, 49] (see supplemental material−
SM). In contrast, dynamics originating from finite-range
z
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Figure 2. Quantum circuit representing the variational
squeezing operation. The squeezer S(θ) is a sequence of n
unitary layers Ui (i = 1, . . . , n). Each Ui is further decom-
posed into two entangling interactions Dz and Dx and one
global rotation Rx, as in Eq. (3), controlled by three varia-
tional parameters τi, ϑi, τi′. Typical Husimi distributions (see
SM) of the quantum state before each gate, are displayed on
a generalized Bloch sphere. The action of the gates onto the
permutation invariant subspace is indicated by red arrows.
interactions, such as Rydberg dressing, may explore an
exponentially large Hilbert space.
Programmable quantum sensor – The tweezer-based Sr
platform combines the advantages of a state of the art
atomic clock [50, 51], with the possibility of program-
ming entangling operations [11]. Interactions among the
atoms can be engineered via Rydberg dressing [52–60],
where an off-resonant coupling ΩR/∆  1 of the |↑z〉
clock level with a Rydberg state induces a distance-
dependent pairwise energy shift. Here ΩR denotes the
Rabi frequency and ∆ the detuning of the dressing laser.
The resulting interaction Hamiltonian is of the form
HD =
∑
i,j<i Vijs
z
i s
z
j +
∑
i δis
z
i , with pairwise interac-
tion potential
Vij = V0
R6C
|ri − rj |6 +R6C
, (2)
between two particles at positions ri,j , where V0 =
(ΩR/2∆)
3 ~ΩR and RC = |C6/2~∆|1/6 are related to the
laser parameter and the C6 van-der-Waals coefficient of
the Rydberg state. The amount of spin-squeezing gener-
ated from these finite-range interactions in a OAT pro-
tocol has been studied in Ref. [11], and we will refer to
this as finite-range OAT (fOAT).
Below we design a variational circuit, S(θ) = Un . . .U1,
to optimize spin squeezing from the physical resources de-
scribed above. The circuit S(θ) = Un . . .U1 comprises a
sequence of n unitary layers in which each Ui is composed
of quantum operations of the form
Ui = Dx(τ ′i)Rx(ϑi)Dz(τi), (3)
with θ = {τ1, ϑ1, τ ′1, . . . , τn, ϑn, τ ′n}. The fundamental
building blocks of each layer are the interaction gates
3Dx,z(τ) = exp[−iτ
∑
i,j<i Vijs
x,z
i s
x,z
j ] which can be ob-
tained from bare dressing in combination with global ro-
tations Rx,y,z(ϑi) = exp [−iϑiJx,y,z] (see SM). The de-
sign of this circuit and its building blocks is motivated
by the following requirements: (i) The sequence is as-
sembled from global gates only. Hence, the number of
variational parameters (3n) does not increase with the
system size N . (ii) The unitaries Ui are designed to pre-
serve the direction of the collective spin 〈J〉θ/|〈J〉θ| to
be oriented along the x axis. This removes the overhead
of determining the direction of the Bloch vectors via ex-
tra measurements after each variational step (see SM).
Eq. (3) describes the most general gate sequence satisfy-
ing these requirements.
We visualize in Fig. 2 the action of the variational gate
sequence, by means of the Husimi distribution plotted on
a generalized Bloch sphere. The Husimi distribution dis-
plays the overlap of the time evolved state with coherent
spin states with |J | = N/2 (see SM). In this representa-
tion, a good SSS according to Eq. (1) forms a narrow ver-
tical ellipse. The actions of the gates can now also be un-
derstood: Dz shears the Husimi distribution, the Rx gate
performs rigid rotations, whereas Dx causes a winding
around the x-axis. Together, these transformations en-
able optimal spin squeezing while passing through tran-
sient non-elliptic states [61] (see fourth sphere in Fig. 2).
In the following, we quantify the spin squeezing, at-
tainable by our variational ansatz on different tweezer
array geometries. First, we numerically emulate the feed-
back loop optimization under realistic experimental con-
ditions, imposing a finite number of experimental runs
on the quantum device. Afterwards, we provide a more
detailed analysis of the performance and robustness of
the variational gate sequence.
2D arrays: single optimization run with shot noise –
We perform a numerical simulation of the feedback-loop
optimization on a 4×4 square lattice with short-ranged
interactions, where we chose a circuit depth of n = 4,
corresponding to 12 variational parameters. During op-
timization, the cost function is estimated on the sim-
ulated experiment, as a statistical average over several
runs. Each run consists of: (i) preparation of the initial
state |↓z〉⊗N , (ii) coherent quantum dynamics controlled
by trial parameters θi of the current iteration i of the
search algorithm, and (iii) quantum projective measure-
ments, performed in parallel on every spin (all spins are
measured in the same basis, either x or y, to estimate
numerator and denominator of ξ2(θi) = N〈J2y 〉θi/ 〈Jx〉2θi
respectively). Fig. 1 shows an optimization trajectory,
employing 100 runs for a single cost function evaluation,
and restricting the total number of runs to ∼ 105, com-
patible with current repetition rates of Sr tweezer plat-
forms of ∼1Hz. The number of runs required for a single
cost function evaluation at fixed precision does not in-
crease with N (see SM). Our analysis demonstrates that
even in the presence of noisy cost function evaluations, we
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Figure 3. Exact optimization results for circuit depths from
n = 1 to 5 layers, compared with fOAT [11] (dot dashed line).
Top left panel: optimized squeezing parameter ξ2 in a 4 × 4
square array as a function of the interaction radius Rc/a. The
vertical dashed line indicates the diagonal R? =
√
18a, while
the horizontal ones show, from top to bottom, the squeezing
obtainable with OAT, TAT and the fundamental squeezing
limit ξ2lim(N) = 2N+2 . Top right panel: optimized squeezing
parameter in a 1D array, as a function of the particle number
N , at fixed RC/a = 3. Bottom left panel: optimization for
a random realization, displayed in the inset, of a half-filled
6 × 6 square array. The data points display averages over
various random half-filling realizations, at the optimal pulse
sequence. Bottom right panel: impact of normally-distributed
control noise fluctuating with a relative standard deviation
σnoise around the optimal values.
are able to obtain considerable spin-squeezing, surpassing
the squeezing attainable from infinite-range OAT, with
short-ranged interactions. The optimization algorithm
that we adopt is a modified version of the DIRECT algo-
rithm [62–65], as has been implemented in experiments
on hybrid quantum-classical simulation (see methods sec-
tion in Ref. [19]).
2D arrays: exact results– We now analyze the squeez-
ing theoretically attainable with our variational circuit,
at finite circuit depth n and interaction radius RC . Fig. 3
displays results from numerical optimizations on a 4x4
square lattice, where we observe metrological enhance-
ment over fOAT [11]. Our analysis reveals two distinct
RC regimes, roughly separated by the square array di-
agonal R? =
√
2L, with L = 3a being the edge length.
While for RC > R? interactions are all-to-all and the par-
ticle permutation symmetry is approximately protected,
for RC < R? the variational ansatz covers an exponen-
tially large Hilbert space, and restoring the symmetry
requires deeper circuits. This property is clearly vis-
ible in Fig. 4, where three quantities are plotted as a
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Figure 4. Real-time dynamics of optimized pulse sequences,
with different squeezer depths n on a 4 × 4 square array
(RC/a = 1.5). Rotation pulses are treated as instantaneous,
so that t ∈ [0,∑ni=1(τi + τ ′i)] captures the cumulated interac-
tion time. Dot-dashed lines show evolution under a single Dz
interaction. The displayed quantities are the (rotationally in-
variant) spin squeezing ξ2 (top panel), quantum Fisher infor-
mation FQmax/N (middle) and total angular momentum 〈J2〉
(bottom). The horizontal dashed lines in the top panel cor-
respond to the spin squeezing obtainable with fOAT, infinite-
range OAT and TAT respectively, top to bottom. Vertical
lines mark total interaction time for various circuit depths.
function of the effective interaction time (see SM) dur-
ing an optimized evolution, for Rc/a = 1.5. The bot-
tom panel tracks the total angular momentum 〈J2〉,
which stays large and recovers values close to its max-
imum max〈J2〉 = (N/2 + 1)N/2, indicating a restora-
tion of permutation symmetry. The top panel displays
the rotationally-invariant spin squeezing parameter. We
observe that the variational state passes through inter-
mediate states with reduced squeezing, eventually sur-
passing the squeezing limits of fOAT, OAT and TAT
for sufficiently large depths n. In the middle panel we
plot the the quantum Fisher information (QFI) FQmax =
maxn
4
|n|2 [〈(n · J)2〉 − 〈n · J〉2], a measure of metrolog-
ical enhancement [66] and a witness for k-partite entan-
glement if FQmax/N > k [67, 68]. We observe that, com-
pared to ξ2, the QFI is a smoother function of time, a
hint that the optimal evolution passes through transient
non-Gaussian states (see SM).
1D arrays – In order to investigate the performance of
the protocol at large particle numbers, in Fig. 3 (top right
panel) we show numerical simulations on 1D arrays up to
150 sites at fixed RC/a = 3. Since the low connectivity
of 1D systems yields slower entanglement generation, a
power-law scaling of the squeezing parameter ξ2(N) with
the system size is not expected [11, 69]. However, the 1D
geometry allows the simulation of large system sizes using
matrix product states (MPS) [70]. The plot displays the
optimized spin squeezing as a function of the particle
number. We observe moderate improvement when more
particles are added to the system. Instead, significantly
more spin-squeezing is generated if the circuit depth is
increased. We expect this to hold also for 2D systems.
Additionally we observe that parameters, optimized for
systems where the bulk dominates over the boundary, can
be directly used for larger systems, delivering increased
squeezing at larger particle numbers.
Imperfections and decoherence – In a real experiment,
optimal state preparation will be influenced by noise
and imperfections. Below, we study the effect of a
stochastically-loaded array, and verify that the squeez-
ing behaves smoothly under Gaussian control noise.
In general, tweezer arrays are loaded stochastically,
and even with defect-removal protocols imperfections will
persist. In Fig. 3 (bottom left panel) we consider a
randomly half-filled 6×6 square array, and optimize the
squeezer for a specific filling pattern, shown in the inset.
The optimal pulse sequence is applied to various half-
filling configurations. The data points show the average
and standard deviation over filling realizations. Despite
the inhomogeneous configuration used for optimization,
considerable spin squeezing is obtained.
Noise, changing at the time scale of a single measure-
ment, can be simulated by shot-to-shot fluctuating ro-
tation angles and interaction times acting on the bare
resources. In Fig. 3 (bottom right panel) the optimal
squeezer is affected by correlated noise, independent of
system size N : the application time/angle of each bare
global gate (see SM) suffers the same relative error, sam-
pled from a normal distribution with standard devia-
tion σnoise. The data points are calculated by averaging
over 10000 projective measurements each obtained from
a wavefunction evolved under a different error realiza-
tion. As expected, the impact of noise increases with the
number of unitaries, thus a specific noise amplitude iden-
tifies an optimal depth n of the squeezer. Additionally
we expect that a feedback-loop optimization in the pres-
ence of noise will improve these results, by adjusting the
optimal solution according to the noise.
To take into account the impact of spontaneous emis-
sion, we compare the interaction timescale V −10 to the
rate of spontaneous emission due to the Rydberg dressing
(1/τeff), through the ratio ηc = τeff/V −10 = (
ΩR
2∆ )(ΩRτR),
where τR is the lifetime of the Rydberg state. For
τR ∼ 50µs, ∆ = 10ΩR, and ΩR = 2pi ·20 MHz, we expect
ηc ≈ 300. Simulations show that the total timescales
for optimal spin-squeezing are comparatively short: of
the order of a few V −10 for RC > a (see SM). In 2D they
exhibit a sub-linear growth with depth n. Moreover, run-
ning the quantum algorithm directly on the experimental
platform automatically adjusts the optimal solution ac-
cordingly.
Outlook – Desirable properties of the optimized spin-
squeezed states can be enforced by appropriately mod-
ifying the cost function (see SM). Beyond that, quan-
5tum algorithms for metrology can be developed in a
broader context, where the encoding, probing, decoding,
and measurement steps are altogether variationally op-
timized. This will require efficient estimation techniques
for general metrological cost functions, such as the Fisher
information [66]. The quantum algorithm we presented
can be readily translated for different experimental ar-
chitectures, involving e.g. molecules or optical lattices,
employing their respective programmable entanglement
resource to generate spin-squeezing.
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7SUPPLEMENTAL MATERIAL
Below we collect the supplemental material for Varia-
tional spin-squeezing on programmable quantum sensors,
which is organized as follows: In section I, we intro-
duce the notion of the permutation invariant subspace
and discuss the permutation symmetry-breaking caused
by finite-range interactions. In section II, we discuss the
implementation of the fundamental building blocks of the
variational gate sequence and provide deeper insights into
the design of the sequence with respect to efficiency re-
quirements. Section III contains a detailed analysis of
the optimal gate sequence obtained by the variational al-
gorithm. In particular, we visualize the dynamics of the
many body state by means of the Husimi distributions on
the Bloch sphere. We highlight the most prominent dif-
ferences between our variational quantum algorithm for
metrology and variational quantum eigensolvers in sec-
tion IV.
BROKEN PERMUTATION SYMMETRY: MANY
BODY DYNAMICS WITH FINITE RANGE
INTERACTIONS
In this section, we discuss the breaking of permuta-
tion symmetry, as a particular aspect of variational state
preparation with finite range interactions. We first intro-
duce the notion of the permutation symmetric subspace
in the context of one-axis twisting (OAT) and two-axis
twisting (TAT). We then analyze mechanisms of vari-
ational preparation of spin-squeezed states, when finite
range interactions break the permutation symmetry of
the initial state.
Permutation symmetric subspace
As discussed in the main text, spin squeezed states can
be prepared from a spin aligned product state |↑x〉⊗N
as quench dynamics generated by one-axis and two-
axis twisting Hamiltonians, given by HOAT ∝ J2z and
HTAT ∝ J2z − J2y , respectively. These Hamiltonians
correspond to a many-body systems with infinite range
pairwise interactions, implying that they are invariant
under particle permutation. Let Γk` be the operator
that exchanges two particles k and `. It follows that
[HOAT,Γk`] = 0 and [HTAT,Γij ] = 0 for any pÂ§air of
particles k, `. Since the initial state is an eigenstate of the
permutation operator: Γk` |↑x〉⊗N = (+1) |↑x〉⊗N ∀k, `,
the many body dynamics after the quench will be con-
strained to the permutation-invariant subspace of lin-
ear dimension (N + 1). This subspace coincides with
the eigenspace of the angular momentum operator with
largest value j = N/2, so that J2|Ψ〉 = N/2(N/2+1)|Ψ〉.
Here we will use the collective angular momentum ba-
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Figure 5. Top: Populations pj of the many-body wavefunc-
tion, over the various eigenspaces j of the total angular mo-
mentum J2, plotted in real-time for an optimal pulse se-
quence. The system is a triangular lattice withN = 12 atoms,
interaction radius Rc = 1.3 and circuit depth n = 3. Bottom:
Populations pj under evolution of a single Dz gate, for the
same system parameters.
sis, or Dicke basis [71] |j,m, α〉, where the index α la-
bels degeneracies: J2|j,m, α〉 = j(j + 1)|j,m, α〉 and
Jz|j,m, α〉 = m|j,m, α〉. Each angular momentum ‘shell’
j, i.e. eigenspace of J2, is
dNj =
N !(2j + 1)
(N/2− j)!(N/2 + j + 1)!
fold degenerate. The permutation invariant sub-
space, or outer shell, spanned by {|N/2,m, 1〉} with
−N/2 ≤ m ≤ N/2, has no α degeneracy. Notably, the
maximally spin-squeezed state [48, 49] lives within this
outer Bloch shell, and exhibits a spin-squeezing ξ2 =
2/(N + 2). It can be prepared exactly with a time-
dependent Hamiltonian dynamics using J2z and Jx as re-
sources (i.e. employing only Dz and Rx gates for RC =
∞) [46], as shown in Fig. 8.
Breaking of permutation symmetry with finite-range
interactions
Any pairwise interaction that is range-dependent,
e.g. Rydberg-dressing, provides entangling resources
which break permutation invariance. Thus, even when
starting from a symmetric initial state |↑x〉⊗N , the
quench dynamics will populate lower angular momentum
(Bloch) shells J < N/2 with time (see Fig. 5, bottom
panel).
Numerical simulations show that our optimization al-
81 2 3 4 5
0
2
4
6
8
10
RC/a
V
0
T
n : 1 2 3 4 5
50 100 150
N
Figure 6. Total interaction times T =
∑
i(τi + τ
′
i) of the
optimal gate circuits for the exact optimization. Curves in
two panels correspond to the optimal results in the two top
panels of Fig. 3 (main text).
gorithm attempts to variationally restore the permuta-
tion symmetry. This is demonstrated in Fig. (5) (top
panel), where the populations
pj(t) =
N/2∑
m=−N/2
dNj∑
α=1
|〈j,m, α|Ψ(t)〉|2
of the wavefunction |Ψ(t)〉, over the various eigenspaces
j of J2, are plotted as a function of time t.
The optimized trajectories do explore transient stages
where lower angular momentum shells become populated,
but the population in the outermost shell pj = N/2 never
drops significantly below 1, and population is pushed
back eventually towards 1 at the end of the circuit. Such
behaviour emerges in all optimization runs we performed,
regardless of the spatial geometry. In this figure, a tri-
angular 2D lattice was considered with RC/a = 1.3) and
a circuit depth n = 3. We conclude that the (partial)
restoration of permutation invariance is a general feature
of our variational algorithm, since the evolution of under
a single time-independent Dz (bottom panel) populate
non-permutation invariant subspaces.
Total interaction time
Since the variationl algorithm attempts to find trajec-
tories that do not disrupt the particle permutation sym-
metry completely the resulting tend to grow slowly. In
Fig. 6 the total interaction times T =
∑n
i=1(τi + τ
′
i) re-
sulting from the exact optimization results (Fig. 3 main
text) are displayed, in units of V −10 (~ = 1). Since global
rotations Ra are implemented at timescales faster than
V −10 , T can be regarded as actual preparation time, and
is the relevant quantity to compare when considering de-
coherence effects and errors occurring in the preparation
stage.
The 2D case (left panel) reveals that, while nearest
neighbour interaction radii RC ≈ 1 yield large optimal T
due to the vanishing interaction amplitudes, intermediate
and large ranges yield faster timescales T . Apart from a
few numerical instabilities, deriving from the competition
between compatible optima in the parameter landscape,
all resulting preparation times in this regime are of the
order of a few V −10 .
In contrast, the 1D case (right panel) offers a differ-
ent perspective. While the optimal timescale is barely
affected by system size, since boundary conditions be-
come quickly negligible in N and optimization of a
translationally-invariant bulk becomes the main task, the
preparation times exhibit a sub-linear increase in the cir-
cuit depth n, a result of the gradual buildup of entangle-
ment, with n.
DESIGN OF ELEMENTARY GATES AND THE
VARIATIONAL GATE SEQUENCE
Entangling gates from bare quantum resources
As specified in the main text, the Rydberg dressing
Hamiltonian HD and (global) single particle rotations
specify the bare quantum resources of our model. Be-
low we discuss how Dx,z gates are obtained from these
bare resources. Following [11], The site dependent single
body light shifts
∑N
i=1 δis
z
i appearing in the bare dressing
Hamiltonian HD can be cancelled by using a spin-echo
pulse,
Dz(τ) = Rx(pi) exp
[
−i τ
2
HD
]
Rx(pi) exp
[
−i τ
2
HD
]
= exp
−iτ N∑
i<j
Vi,js
z
i s
z
j
 . (4)
Here Ry(pi) can also be replaced by Rx(pi). Additionally
also static light shifts present will be cancelled by this
spin-echo.
Interactions in other directions, different from z, the
Dz, are obtained via rotations,
Dx,y(τ) = Ry,x(pi/2)Dz(τ)Ry,x(3pi/2)
= exp
−iτ N∑
i<j
Vi,js
x,y
i s
x,y
j
 . (5)
Preservation of the collective spin direction
Here we show that the gate circuit of Eq. (3) in the
main text preserves the direction of the Bloch vector
along the x axis, 〈J〉θ, for an initial state | ↑x〉⊗N .
Every gate in the sequence commutes with the par-
ity operator in the x direction Px =
∏N
i=1 s
x
i , since
Pxs
a
jPx = (s
xsasx)j = ±saj and thus PxDx,zPx =
9Dx,z. Since the initial state |↑x〉⊗N is a Px eigenstate,
the variational state |Ψ(θ)〉 will remain an eigenstate,
i.e. Px|Ψ(θ)〉 = ±|Ψ(θ)〉. This implies that 〈Jy〉θ =
〈PxJy,zPx〉θ = −〈Jy,z〉θ = 0, which translates into a
Bloch vector 〈J〉θ directed by construction along the x
axis.
Design of the variational circuit
Below we motivate the design of the variational ansatz
described in Eq. (3) and Fig. 2 of the main text. This
ansatz is employed in the variational quantum algorithm
to generate spin-squeezing with Rydberg dressing re-
sources. The basic building block is provided by the
interaction gate Dz, which we combine with single-spin
rotations.
We restrict the spin-rotations, Rv(θ) = exp(−iθv · J)
to be global only but allow for arbitrary directions v,
with |v| = 1). Consequently, the number of variational
parameters in our ansatz will scale with the circuit depth
n only (and will be independent of the system size N).
As described before a finite-range Ising gate Dv(τ) =
exp[−iτ∑Ni<j Vi,j(si · v)(sj · v)] can be generated along
any direction v.
We now constrain the general gates Rv and Dv, to
satisfy the preservation of the collective spin direction.
Enforcing this property removes the need to determine
the direction of the Bloch vector via measurements after
the gate (sequence), which would require additional ex-
perimental runs. This property is tied to the protection
of the parity symmetry Px. Restricting to gates com-
muting with Px reduces rotations to Rx, and interaction
gates to Dx and Dv⊥ , where v⊥ is within the y-z plane.
Note here that any Dv⊥ can be generated from Rx and
Dz. The relevant gates fulfilling the requirement of axis
preservation are, therefore, Rz, Dx, Dz.
Sequencing these three types of allowed gates, with
equal repetition to generate the fastest possible growth
of accessible states manifold, results in a sequence of lay-
ers of the form U¯ = Dx(τ ′)Rx(ϕ)Dz(τ). We conclude
that the sequence in Eq. (3) (main text) comprises the
most general set of gates satisfying all the aforementioned
requirements.
Complete gate sequence with bare quantum
resources
The sequence motivated above translates in to a series
of 9n+1 laser pulses. In particular each unitary in Eq. (3)
(main text) is decomposed into
Ui =Ry(pi
2
)e−iHD
τ′i
2 Ry(pi)e
−iHD τ
′
i
2 Ry(
pi
2
)
×Rx(ϑi)e−iHD
τi
2 Rx(pi)e
−iHD τi2 . (6)
HUSIMI DISTRIBUTIONS: VISUALIZING AN
OPTIMIZED SEQUENCE
Here we discuss the Husimi- distributions used in Fig. 2
of the main text in more detail and visualize their action
in an optimized gate sequence.
Husimi distribution on the generalized Bloch sphere
We employ the Husimi Q-representation to visualize
the collective spin states on a generalized Bloch sphere.
The Q distribution is defined as the overlap with a co-
herent spin-state
|φ, ϑ〉 =
N/2∑
m=−N/2
cN/2m (ϑ)e
−i(N/2+m)φ |N/2,m, 1〉 ,
where
cjm(ϑ) =
(
2j
j +m
)1/2
cos(ϑ/2)j−m sin(ϑ/2)j+m.
This visualization is particularly relevant if the many
body state is located in permutation invariant subspace.
To be able to capture more information we generalize this
to all total angular momentum eigenspaces, i.e.
Qjθ(φ, ϑ) = Tr
[
ρj(φ, ϑ)ρ(θ)
]
(7)
where ρ(θ) = |Ψ(θ)〉 〈Ψ(θ)| is the density matrix of a
state |Ψ(θ)〉 prepared by control parameters θ and
ρj(φ, ϑ) =
N/2∑
m,m′=−N/2
cjm(ϑ)c
j
m′(ϑ)e
−iφ(m−m′)
×
dNj∑
α=1
|j,m, α〉 〈j,m′, α| . (8)
If this quasi-probability distribution is plotted on a gen-
eralized Bloch sphere it visualizes the mean spin direc-
tion and the fluctuations of the collective spin around
it, whereas fluctuations along the spin direction are not
visible.
Evolution of Husimi distributions in an optimized
sequence
Fig. 7 displays, by means of the Husimi distributions,
the quantum state after each gate of the optimized se-
quence shown in Fig. 5. We plot only the three largest
shells j = 4, 5, 6 since their combined population remains
above 99% throughout the dynamics. The shell j = 4
shows higher overall population than j = 5 due to the
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Figure 7. Husimi-distributions of the three largest angular momentum shells, for the same optimized gate sequence shown in
Fig. 5. The spheres are plotted after each gate in the sequence. The Husimi distribution marked with a dashed circle highlights
a transient state which is visibly non-Gaussian.
fact that most permutation-symmetry breaking processes
are double spin-flips, Interestingly, Husimi distributions
of the even shells look similar, and both display spin-
squeezing visibly, signalled by elliptic distributions. On
the contrary, transient non-Gaussian states (see e.g. S-
shaped distribution on the sphere indicated by a dashed
circle) are visible only in the outer shell.
Relevance of Dx gate in a finite-range Sequence
In this section, we discuss the role of the Dx gate
in sequence relying on finite-range interactions, in con-
trast to infinite range interactions Rc →∞, where it was
shown that Rx and Dz are sufficient resources to gener-
ated spin-squeezing up to Heisenberg scaling ξ2 ∝ N−1
2 8 32 128 512
−20
−10
0
N
ξ2
(d
B
)
n : 1 2 3 4 5
Figure 8. Variational optimization of the spin-squeezing in
the infinite range case, using a simplified variational circuit
sequence that does not include Dx (see text). The optimal
squeezing is displayed as a function of the system size N up to
512 (accessible due to the permutation symmetry), for various
circuit depths n = 1 to 5. Results for OAT, TAT, and best
achievable squeezing for N particles, are drawn for reference
as dashed lines.
[43–46]. We recover these results in Fig. 8, where ev-
ery layer of the variational circuit ansatz is simplified to
U ′i = Rx(ϑi)Dz(τi) and depends on 2 parameters instead
of 3. Exact optimization results show that already for
depth n = 5, spin-squeezing is saturated to its possible
minimum 2/(N+2) up to 512 articles, i.e. gaining a static
prefactor (in N) over TAT. We motivate the discrepancy
between the finite and infinite range scenarios with the
following argument: When RC = ∞, under the action
of Dz(τ), an initial coherent state will first evolve into
a spin squeezed state followed by a non-Gaussian state,
signaled by an S-shaped Husimi-distribution [23]. In this
case Dz interaction is 4pi/V0-periodic, an intermediate S-
shaped state can be transformed back into a Gaussian
state. This property breaks down for finite-range Hamil-
tonian where Dz is not periodic, and thus can not be
inverted. Therefore a sequence consisting only of Rx and
Dz is limited to operate at finite-range OAT times, be-
cause, at longer times, irreversible non-Gaussian states
are generated. Numerical evidence shows that the Dx
gate is sufficient to revert the non-Gaussian state gener-
ation, thus lifting the short-time limitation which in turn
limits the obtainable squeezing. We highlight this prop-
erty in Fig. 7, where the Husimi distributions of the three
largest momentum eigenspaces, are displayed after every
gate of an optimized sequence. The sequence shows tran-
sient non-Gaussian states, marked by the dashed circle.
COMPARISON TO VARIATIONAL QUANTUM
EIGENSOLVERS
The variational spin-squeezing algorithm we proposed
fits within the framework of hybrid quantum algorithms,
such as Variational Quantum Eigensolvers (VQE) and
simulators [12–21], and Quantum Approximate Opti-
mization Algorithms (QAOA) [21, 72–74]. The goal
11
of these algorithms is to variationally engineer on a
quantum device ground states |Ψ0〉 of target Hamilto-
nians HT , either quantum or classical. In this section,
we highlight a few main conceptual differences between
VQE/QAOA and the our spin-squeezing strategy.
First of all, while for VQE the cost function is the ex-
pectation value 〈HT 〉θ of the target Hamiltonian, thus in-
finitely differentiable and with bounded derivatives, cost
functions for entanglement-enhanced quantum metrology
problems are generally not simple expectation values.
Known examples beyond the spin-squeezing parameter
of Eq. (1) (main text) include: the Fisher Information
F (O, t) =
∑
k
〈Ψ(t)|Pk|Ψ(t)〉
(
∂
∂t
log〈Ψ(t)|Pk|Ψ(t)〉
)2
,
(9)
with Pk eigenspace projectors of the observable O, quan-
tifying the maximal sensitivity to t of the projective mea-
surements of O; the Quantum Fisher Information (see
main text), which maximises F (O, t) over all possible ob-
servables O [66–68]; and the Allan deviation, used in pre-
cision clocks to synchronize tunable optical resonators to
the atomic frequency. Adopting these quantifiers as cost
functions for variational quantum algorithms requires not
only the development of efficient estimation techniques
for the cost function itself, but also the development of
quantum algorithms not incurring in optimization insta-
bilities (caused e.g. by singularities of the cost function,
or its differentials, in the parameter landscape).
As a second fundamental difference, we remark that
for VQE a single correct solution exists, and the degree
of approximation is measured in terms e.g. of fidelity. By
contrast, for quantum metrology, any engineered state of-
fering precision enhancement over SQL is a valid solution,
and the challenge involves achieving the best possible en-
hancement for a limited set of available resources. This
property allows additional freedom in the choice of cost
function, as we discuss later on.
Finally, we stress that for optimizing spin-squeezing,
the precision of the cost function estimator does not de-
crease with the system size N , for a fixed number of
measurements. This property, which is not guaranteed
for VQE, is discussed in detail later in this section.
Modifying the cost function
As we discussed in the previous section, our goal is
not to prepare a unique quantum many body state with
high precision, but rather to enhance a collective prop-
erty of the prepared wavefunction (in our case, the signal-
to-noise ratio of Ramsey interferometry). This objec-
tive allows us some freedom in building the cost func-
tion itself, for instance, we can include additional penalty
terms to favor other properties of the optimized state.
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Figure 9. Exact optimization results of the modified cost
function in EQ. (10) for circuit depths ranging from n = 1 to
5 layers Top panel: squeezing parameter ξ2 in a 4× 4 square
array as a function of the interaction radius Rc/a. Bottom
panel: Bloch vector length corresponding to the same optimal
solutions displayed in the top panel. The dotted lines show
the spin length of the states in Fig. 3 in the main text, which
have been optimized with the unmodified cost function. The
horizontal dashed line indicates the threshold value N/
√
8.
Penalties become particularly relevant for the problem of
spin-squeezing, since the maximally spin-squeezed state
for even N , the Dicke state lim→0
√
1− 2 |N/2, 0〉 +
/
√
2(|N/2,+1〉 + |N/2,−1〉), exhibits zero Ramsey sig-
nal due to its zero Bloch vector length |〈J〉| = 0. To
avoid this pitfall, we can modify the cost function, en-
suring a finite Bloch length by penalizing lengths below
a certain threshold x¯.
In particular we modify the cost function according to
C(θ) = N
〈J2y 〉θ
〈Jx〉2θ
+ fp(|〈Jx〉θ|), (10)
where the penalty function fp(·) is calculated on the same
estimator 〈Jx〉θ that we employ for ξ2, ensuring that we
can still run the feedback-loop on the experiment, at the
same cost. Fig. 9 shows numerical simulations where we
adopted the penalty function
fp(x) =
{
e1/(x−x¯) 0 < x < x¯
0 x¯ ≤ x , (11)
which is monotonic and C∞ on its domain R+ to guaran-
tee smooth convergence of the search algorithm. We set a
threshold x¯ = N/
√
8, which is known to allow a Heisen-
berg like scaling [46]. The top panel shows optimized
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Figure 10. Left panel: relative squeezing error for the optimal
states generated by OAT, TAT and a trial state, discussed in
the text. Right panel: Relative error for the optimized spin
squeezed states in a 1D Array at RC/a = 3 (see Fig. 3 main
text for corresponding squeezing values).
spin squeezing according to the modified cost function in
a scenario analogous to Fig. 3 in the main text. Here we
observe that the short range regime (RC < 3a) remains
unchanged. By contrast, for large interaction radii the
optimal squeezing saturated earlier in the depth n. The
long range solutions in Fig. 3 in the main text approach
the maximally spin squeezed state with vanishing Bloch
vector length, indicated by the dotted lines in the lower
panel.
Measurement scaling with system size
In this section, we investigate the number of measure-
ments required to determine the spin-squeezing parame-
ter to a given relative precision
(
∆ξ2
)
/ξ2, as a function
of the system size. Our analysis reveals that for vari-
ationally optimized states, the relative error of the spin
squeezing parameter saturates for large particle numbers.
This is in contrast to variational quantum eigensolvers,
where, for example, the extensiveness of the expectation
value of a quantum-chemistry Hamiltonian, requires an
increasing amount of measurements, as the number of
particles increases.
We start by analytically calculating the standard devi-
ation of the spin-squeezing parameter for optimally spin-
squeezed states. To this end, we construct a permutation
invariant state which exhibits spin-squeezing up to the
Heisenberg-limit:
|Ψ〉 = 1√
2
|N/2, 0〉+ 1
2
(|N/2,+1〉+ |N/2,−1〉) , (12)
in the Dicke basis (α = 1). We can calculate the squeez-
ing of this state via the angular-momentum operators,
Jz =
N/2∑
M=−N/2
M |N/2,M〉 (13)
J+ =
N/2−1∑
M=−N/2
√
(N/2 +M + 1)(N/2−M)
× |N/2,M + 1〉 〈N/2,M |
(14)
J− =
N/2−1∑
M=−N/2
√
(N/2−M + 1)(N/2 +M)
× |N/2,M − 1〉 〈N/2,M |
(15)
Jx =
1
2
(J+ + J−), Jy = i
1
2
(J+ − J−). (16)
Using Eq. (13-16), the spin-squeezing evaluates to
ξ2 = N
〈J2z 〉
〈Jx〉2
=
4
(N + 2)
. (17)
In the following, we use Gaussian error propagation to
determine the variance of ξ2:
(
∆ξ2
)2
=
(
∂ξ2
∂ 〈J2z 〉
)2
∆J2z +
(
∂ξ2
∂ 〈Jx〉
)2
∆J2x . (18)
As a result, the relative squared error evaluates to(
∆ξ2
)2
(ξ2)
2 =
2(N2 + 2N − 4)
N(N + 2)
= 2− 8
N2
+O
(
1
N3
)
.
(19)
Eq. 19 shows that the relative error saturates for large
particle numbers N , thus the number of measurements to
determine the spin-squeezing to a given relative precision
approaches a constant. In Fig. 10 (left panel) we plot the
relative error as a function of the system size N . The re-
sults for OAT and TAT have been obtained numerically,
by evolving the initial state |↑x〉 with the OAT- and TAT-
Hamiltonian, until the spin squeezing reaches its optimal
value.
In Fig. 10 (right panel), we provide a numerical anal-
ysis of the relative error for a 1D chain of particles up to
64 sites, using matrix product states (MPS). The simula-
tions are performed for RC/a = 3 and up to 5 layers for
the variational circuit. We observe a decreasing relative
error with N , which we attribute to the fact, that the the
squeezing-parameter decreases sub-polynomial in N in
1D see Fig. 3 upper right panel in the main text), differ-
ent than the absolute error ∆ξ2 which decreases nonethe-
less polynomially. We conclude that the optimization al-
gorithm as a whole will not require an increasing amount
of measurements as the system size is increased.
